TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 192, 1974

GLOBAL RESIDUES AND INTERSECTIONS ON A COMPLEX
MANIFOLD

BY
JAMES R. KING(!)

ABSTRACT. This paper is the study of a class of forms 7 on a complex manifold V'
which are smooth on ¥ — W and have poles of kernel type on a complex submanifold W
of codimension d; such a form is one whose pull-back to the monoidal transform of V'
along W has a logarithmic pole. A global existence theorem is proved which asserts that
any smooth form @ on W of filtration s (no (p, g) components with p < s) is the residue of
a form 7 of filtration s + d such that dn is smooth on V. This result is used to construct
global kernels for d which establish similar global existence theorems for W with
singularities. We then establish formulas connecting intersection and wedge product on the
d-cohomology theory of Dolbeault which preserve the Hodge filtration. A number of
results are also proved on the integrability of f*n where f is a rather general holomorphic
map.

Introduction. This paper contains the study of a certain class of residue forms
on a complex manifold and the application of these forms to establish some
imtersection formulas. The formula of §7 in particular, which has applications to
algebraic geometry, depends strongly on the complex structure of the manifold.
Therefore, the residue theory of this paper is based on the d” operator and
Dolbeault cohomology rather than the d operator and de Rham cohomology.

We will use the theory of currents, or forms with coefficients that are Schwartz
distributions. In general on a manifold we may write such a current v as du + [¢]
where u is a current and [¢] is the current defined by a smooth form. If u is the
current defined by a locally L' form 7, we say that this is a residue formula for v
and that 9 is a residue form. Our interest will center on the case when v is given
by integration over a submanifold or subvariety and  is C* except for poles of
a certain type along the support of v.

The connection of residue formulas with intersections is in trying to define
v A u for two currents, which cannot be done in general. If v = d[n] + [¢] and
u is of order zero, i.e., has coefficients which are measures and if % is integrable
with respect to u, then we can set v A u=dn A u)— ¢ A uxtn A du, if
7 A du is defined also.

In [28] de Rham shows that if u and v are the currents of integration over two
transversal smooth chains then u A v is defined and equals the current of
integration over the intersection. He uses the method of smoothing operators;
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164 J. R. KING

this method will not work for some of the intersection formulas studied here
because smoothing does not preserve the (p, q) type of a current. In the residue
approach above, however, if v,n and ¢ have certain types, then so will the exterior
product v A u.

In §§1-3 we define forms with simple kernel type along a complex submanifold
W and establish the existence of global residue forms 7 of this type so that
[W] = d[n] + [¢]. This is done by showing that the subcomplex of the complex
of all currents generated by these forms gives Dolbeault and de Rham resolutions
of C, %, and Q°.

In §4 we use this existence theory to construct global kernels for the d”
operator on V X V; the operator associated to such a residue kernel gives global
residue formulas for more general currents, including integration currents over
complex subvarieties.

These residue forms have remarkable integration properties with respect to
pull-back by holomorphic maps; for example, under quite weak conditions the
restriction of such a form to a subvariety is locally L' on the subvariety. These
results are proved in §5, along with a generalization to the continuity theorem of
[19] to include residue forms.

In §6, using these residue forms we define intersection of complex analytic
subvarieties as v A u by the process indicated above. This definition coincides
with the usual one.

An intersection formula for chains whose boundaries are analytic subvarieties
is proved in §7; this can be applied to the theory of intermediate Jacobian
varieties developed in [10]. In this section a theory of intersection of currents with
a complex submanifold is developed.

The operation of taking a residue defines an operation in cohomology and a
dual operation in homology. We discuss how this relates to our theory in §8.

The methods of proof are mostly quite elementary except for the use of
Hironaka’s resolution of singularities to simplify certain arguments about integ-
rability in §§5 and 6. This approach avoids the direct use of Federer’s geometric
measure theory found in [18] and [19], but ideas from this theory are still found
in this paper. The key idea in all the paper is the use of the strong functorial
properties of the logarithmic differential #~dt.

We have not discussed the real case here, but much of the intersection theory
would carry over.

Finally, we would like to mention some other recent work in this area; a
general survey can be found in [24]. In [13] and [14] is an approach to residues
using poles of higher order than in this paper. Also, Poly has announced results
about residues for the d-operator which are closer to those of this paper [27]. He
establishes global residue formulas and applies them to study the homology of
subvarieties and the cohomology of their complements. For this reason, although
our methods here would also yield some results in this direction, we have only
mentioned them cursorily in §8.
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0. Preliminaries. If V is an oriented (always paracompact) C*® manifold, we
denote by A"(V') the space of C-valued r-forms and by A4.(V) the subspace of
forms with compact support. The dual spaces of A.(V') and A"(V) in their usual
C* topologies [29] are, respectively, D,(V), the space of currents of dimension r,
and &,(V) C D.(V), the space of currents with compact support. If dimg V = n,
it will sometimes be convenient to write 9" (V) = D,(V) and & (V)
= &, (V).

There is a natural injection A"(V) = D" (V) (cf. (1.1)) and the exterior
derivative may be extensed to d: D" (V) = D'"+!(V) by setting

0.0 du(e) = (=1)""' u(dy)

for some u € D”(V) and any ¢ € A»"-1(V).

If V is a complex manifold of complex dimension m, we also have the spaces
APA(V) and A?2(V) of C*(p,q) forms and C®(p,q) forms with compact
support. There are also D'”4(V') and &P4(V'), where D'»4(V) C D'P*4(V) is the
dual space of A7 P" V), etc. The operator d = d’ + d” as usual, where
d”. DPA(V) - 9'Pa+1(V) is given by

(02) d"u(g) = (-1)""*'u(d"g)

for any ¢ € ArPm=4-1(V'). The currents in D'”4(V') can be considered as (p, q)
forms with distribution coefficients.
If f: ¥ = ¥ is a C* map, it induces f,: &,(K) — &,(};) by

03) Lul@) = u(f*o)

for any ¢ € A'(V3), where f*: A"(V;) = A"(¥]) is the usual pull-back map. If the
¥; are complex manifolds and f is holomorphic, then f,: &74(}) — &7-44-4(};),
where d = dim¢ )] — dim¢ V5. The map f, can be extended to all currents u such
that f | supp u is proper; if f is proper (i.e., f~! of any compact set is compact)
then f, extends to all of D.(¥).

The sheaves Ay, AP, K}, and Hf? are the sheaves of germs of forms or
currents in A"(V'), AP(V), D"(V), and D'”4(V), respectively. For complex V,
the sheaves 0, and Qf are the sheaves of holomorphic functions and holomorphic
(p, 0) forms. The sheaf f C Qf is the sheaf of holomorphic forms y with
dy = 0; Q% = C, the constant sheaf.

In general, given a sheaf ¥ on V, we will write I'F for ['(V, %). Also if

COtCl 4 C2 ..

is a cochain complex, H?(C",8) or just H?(C") is the pth cohomology group of
the complex.

For the theory of currents, see [28] or [29], for manifolds and sheaves [16].

A complex space X is a ringed space locally isomorphic to a complex analytic
subvariety in C¥ with the holomorphic functions on the subvariety. All complex
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spaces will be reduced (see [12]). We denote by Reg X, Sing X, the locus of
regular and singular points of X.

As in [2], 47(X) may be defined locally for X C C¥ by A”(X)
= APA(CN)/1p4, where I§4 is the space of (p, q) forms @ such that i*e = 0,
where i: Reg X — CV is the inclusion. The currents ®’?4(X) C D'”4(CV) are
those currents that annihilate I}»"~9, We also define the other 4, 9, and &
spaces as for V; f* and f, are defined (this requires an argument).

Given a collection G?7 indexed by integers p and g we write

PGT = kr—k
(0.4) F’G k§p Grkrk,

Thus FPA"(V), FP%}, etc., are forms and currents 3, a;;dz'dz~? with |I| > p.

Given a complex manifold or space, dimension means complex dimension
unless otherwise specified. For W C V, codimension W = dim ¥V — dim W.

A resolution of the singularities of a complex space X of pure dimension n is a
proper holomorphic map 7 = X — X of a complex n-manifold X such that there
is a subvariety S C X of dimension < n such that + maps X — 77!(S)
biholomorphically onto X — S. Given any subvariety Y C X with dim ¥ < n,
there exists such a 7 such that +7!(Y) is a divisor with normal crossings; but we
shall only need the local version of this theorem found in Hironaka’s original
paper [15]. A divisor with normal crossings is a subvariety of codimension one
such that in some (z;, .. .,z,) coordinates ¥ = {z, - - - z; = 0} for some k, i.e., Y
is a union of coordinate hyperplanes.

1. Residue formulas. If ¢ is a differential r-form with locally (Lebesgue)
summable coefficients on a smooth oriented n-manifold V, then ¢ defines a
current [p] € D”"(V'), a linear functional on A7 (V). Take any ¢ € A7"(V) and
set

(1.1) [l¥) = [,o A v.

This integral is defined since ¢ A ¢ is a locally summable form with compact
support and hence summable.

One can also define another current d[p] € D”7+!(V') by formula (0.1). If ¢
happened to be a continuously differentiable form—a form in 4’(V) for
example—then Stokes’s theorem implies d[g] = [dp], ie., Sfo¢ A dy
= (1" fdp A yforally € A=-1(V).

If ¢ is smooth in the complement of a closed set of measure zero, the form dgp
is defined almost everywhere, and if dp is locally summable the current [dg] is
defined. In this case it may be true that d[gp] # [dp]; an expression for the
difference between the two sides is a kind of residue formula.

This last statement can best be explained by several illustrative examples. After
this we will turn to the question of writing an interesting current, such as
integration over a submanifold, in the form d[¢p] — [de].
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Example 1.2. Let f be a holomorphic function on a complex manifold V. If W
is the analytic subset defined by { f = 0}, then

(13) a5 L@ = f, m.

where n/(x) is the order of vanishing of f at x € W. This was first proved by
Lelong; for his proof see [22, p. 224]. It is also shown in the proof of Lemma 6.1.

We will prove the special case where w = C and f = z just to illustrate the
idea. Let ¢ be a smooth function with compact support on C; then by definition

d[ 1 dz](.p) = (2m')"j;% A dy = limQmi)™! [ % Ady

27z
lz|2e

- ligee)”! [ 5 = vougen [ § =40

|z|=e 2| =¢

by Stokes’s theorem. [J

The crucial property of (2miz)~'dz is that the integral on the circle |z| = & tends
to (in this case equals) one. In general the integral of (27if )~'df around a normal
circle at x € W is nf(x), although the singularities of W create technical
difficulties.

To represent integration over sets W of higher codimension it suffices to find
a form of higher degree whose integral over normal e-spheres tends to one.

Example 1.4. Let f;, ..., f be holomorphic functions on a complex manifold
V and suppose W = {f, =:-- =f = 0} is a complex subvariety of pure
complex codimension k. Then if we set n = (1/27i)d’ bog(|fi]> + --- + |£?)
and w = dy,

(1.5) [, ¥ = dln A *11W) - [1@),

where ng(x) is the multiplicity of (f,,...,f) at x € W. A proof is in [18], and
similar results will be proved in §6.

In particular if r = k, w* = 0; if r = 1, we are reduced to the previous
example. The simplest case in higher codimension is ¥V =C" 19
= (2ni ")d’ log(|z|* + + - - + |z,[*). Here the integral of the form g A w™! over
an e-sphere around the origin is 1; and d[n A @™ !'](¥) = (0). This singular
kernel is the Bochner-Martinelli kernel.

Whenever W is a complex k-dimensional subvariety of a complex manifold V'
of dimension m, if we are given a multiplicity function ny(x) for x € W which
assigns a constant (usually integer) multiplicity to each irreducible component of
W, we can define a current [W] € '™ *mk(V) by

(16) MW= [ my

Reg W
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forany ¢y € A%(V). The integral over the regular points of W is well defined and
d[w] = 0[31] or [19, p. 200].
Thus the examples above can be written as an equation of currents:

(1.7) (W] = dln A w"*1] = [0 ]

where 0™ * = 0if r =m— k.
Generally there will not be global holomorphic functions defining a given
subvariety W. The next example treats the simplest case of this phenomenon.
Example 1.8. Let W be a complex subvariety of codimension one in the
complex manifold V; then there is a line bundle L and a holomorphic section o
of L such that the divisor {o = 0} = W. We put a hermitian metric on L. Locally
the square of the length |o]> = g, |0, |?, where g, is the local expression of o.
Then as a corollary of Example 1.2

[ ¥ = dinl) - [anl),

where

n = Qmi)"'d loglo|* = Qmi)™'(d’ log g, + 6;'da,).

But dn = (27i)™'d"d’ log g, = —c(L), the Chern class of L, a smooth form.
Thus we have, writing [W] for integration over W, the equation of currents:

(19) W] =dn +[«()). O

2. Global residue forms. The last example above illustrates two important
points. First, although in the local Examples 1.2 and 14 one can write
[W] = d[n] for some 7, there is a topological obstruction to doing this globally.
Secondly, although the de Rham theorem for currents merely implies that one
can always write [W] = du + ¢, where @ is a C* form and u is a current, we can
hope to choose u and ¢ judiciously so as to reflect the geometry of the situation.

In this section, assuming W is nonsingular, we define a class of locally
integrable forms which is large enough that we can write ¥ = [n] for some 7 in
this class.

We will make extensive use of fine resolutions of sheaves to get global residue
formulas.

Proposition 2.1. If
0->Mo> G0 3,61 .8,... 8,gn8,...
is a fine resolution of the sheaf 9% on V, then

Ker(8: T'F? — I'grtl)
im(8: T'g7! - I'g?) °

H?(V,oM) ~ H?(T%) =
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Proof. See [16]. O

Proposition 2.2. The sheaves A}? and K47 are fine sheaves; furthermore, any
subsheaf of K2 which is an AY-module is fine.

Proof. Since such a sheaf admits multiplication by C* functions, it admits a
partition of unity. O

Corollary 2.3.
HY(V,Q?) ~ HY(TF*uE*,d) ~ HYTFP%E,d),
HY(V,Q%) ~ HYTUY,d") ~ HITKE,d").

These are the de Rham and Dolbeault theorems for forms and currents; notice
that H4(V,Q°) = H(V,C) and FOU" = 9', etc.

Proof. By Propositions 2.1 and 2.2 this follows from the following exact
sequences of sheaves:

() 007> Frup -4 Frugrt 4 ...,
i) 007> FPYp > FPUP > ...,
(i) 0->Q7—> AP’ -4 9! 45 ...,
(iv) 0- 97> 3P0 45 9P £ ..,

(24)

The exactness follows from the Poincaré and Dolbeault lemmas for forms and
currents and from the regularity of solutions of du =0, d"u =0, for u
€ PP(V)=T%°[6]. O

Corollary 2.5. Let W be a k-dimensional complex subvariety of a complex n-
manifold V then, ifr = n — k

(2.6) (W] = du + [g],
@7 (W] =d"u+[y

where u, v are currents in F')'*~Y(V'), 'Y (V') and ¢, ¢ are smooth forms in
Frax(v), A7 (V).

Proof. There is a natural injection of complexes T, = A (V) < I'%,
= " (V) given by (1.1). Since the cohomology is the same by Corollary 2.3, each
d or d” closed current is cohomologous to a smooth form. O

The rest of this section will be devoted to defining forms of kernel type along
W, A (V{W}), where W is a complex submanifold of V. All the forms n A «" and
«" of the examples in §1 will be included in this space by Proposition 2.18. Since
all these forms will be locally summable, A"(V{W}) = 9 (V).

In the interest of clarity, if not of logical progression, we will state here the rest
of the important definitions and propositions of this section; the proofs, as noted
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will follow trivially from Definition 2.17 and the Dolbeault lemma, Proposition
3.1

Definition 2.8. The spaces of currents of simple residue type along the
submanifold W are

DWW} ={u € D"(V): u= [no] + dlmlm € A~(V{W}))},
PHWVAWY) = DHA(V) N DPV{WY),

and similarly for &”(V{W}), &P4(V{W'}).

The space 3 A"(V{W}) is closed under multiplication by forms in 4°(V'). This
is also true of 3 D" (V{W}) since ¢ A d[n] = £d[y A 9] F [d¢ A 7). In par-
ticular, a current u in @”(V{W}) can be broken up by a partition of unity 3 A
and each \,u € D'(V{W}) also.

Propasition 29. If ¢ € AP4(W), iy[¢] € VP a+d(V{W)), where d = dim V
—dim W and i: W—V is the inclusion. In particular, [W] = i,[1]
€ PH(V{W}).

Proof. Suppose f;, ..., f; are holomorphic functions such that {fy = -+ = f;
= 0} = W. Since it will follow from Proposition 2.18 that the form n A &1 of
Example 1.4 is in 4%4'(V{W}), then also

inlg] = dln A @1 A G+ [0 A 0 A df)

is in 6)'P*4+d(V{W'}), where § is any smooth extension of ¢ to V.

Thus we can choose an open cover {U;} of V such that the restriction of i, [¢]
to each U, is in D'7*44+4(U{W N U;}). But then if 3 A\, = 1 is a partition of
unity subordinate to {U]}, Ai.[p] is in DP++(V{W}) and so is i,[q]
=S Ni[le) O

The sheaves of germs of currents in 9”(V{W}) and D"P4(V{W}) are Ky
and ‘JC;{W}'

Theorem 2.10. The following sequences are fine resolutions:

(2.11) 0- Q7 > FPYby, 4 F”SC{;’[,',,} i N
(2.11a) 0> Cy > Kwy D> Khwy L -+,
(2.12) 0> Q7 - Ky > Hhiwy 4> -+

Proof. The exactness will follow from the Poincaré and Dolbeault Lemmas
3.21 and 3.1. That the resolution is fine results from Proposition 2.2; and the fact
that the kernels are 7 and Q7 follows from (24). O

Theorem 2.13 (Existence of a global residue form). Let W be a submanifold of
codimension d in V.
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(@) Ifp € FPA (W) and dp = 0, iy[p] = d[n] + [a] where
n € FrHagu+r-\(V{W}) and a € FPH A%+ (V)

(b) If ¢y € APA (W) andd"y = 0, i, [y] = d”[p] + [ B] where
p € APV VWY and B € APHAY(V)

In particular we may take 1 = ¢ = ¢ € A%(W) and i, [1] = [W].

Proof. This is an immediate corollary of Proposition 2.9 and Theorem 2.10,
using the proof of Corollary 2.5. O

To define A" (V{W}) we will need the procedure of blowing up V along W. First
we will describe the blowing up of C" at 0.

If (z) = (z,...,2,) are linear coordinates in C", they induce homogeneous
coordinates [z] = [z,...,z,] in P*L If we set U, = {[z] € P*!: z, # 0} and
Si=2zz'i=1,...,n then &, ..., &a-ts Sa+1s - - - » Son define holomorphic
coordinates in U,.

The canonical line bundle u: L — P! is the line bundle associated to the
principal bundle C* — (0) — P*! given by (z) — [z]. The manifold L can also be
realized as a submanifold L C C" X P*1; the defining equations for L N C"
XUarez;=z,8i=1...,a—lL,a+1,...,n

The projection of C* X P*! onto P! induces p: L — P! and the projection
onto the first factor induces o: L = C". The map U, X C = C" X P*! which
takes (gal’ . °9§amta) into (tafal’ . "tagamgal” . "Kn—l’gmﬂ"' .,K,,,) gives L

C C" X P*! the line bundle structure. We observe that

(2'14) o(gxls'-wguata) =(ta§al’-~-’ta§aaa°-'9ta§m)

where 7,§,, = 1,.

Now it is easy to see that 67!1(0) =~ P*! is the zero section of L, which is
{t, =0} in U, XC. If we set E = 67!(0), 0: L — E = C" — (0) is biholomor-
phic. Furthermore, ¢ is a proper map.

Let us write C* = L; this is the blow-up of C" at 0. If we wish to blow up
C™ X C" along C™ X (0), we just take the product of the identity map and the
map above:

0:C"xC" > C"xC".
If A", A" are polydisks in C™, C*, A" X A" = ¢~!(A" X A") and
o: A" X A" > A" X A

is defined.
Finally, it can be shown that this process is invariant under change of
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coordinates. Thus for any complex submanifold W C V of codimension n, there
is a unique manifold V[W), the blow-up of V along W, and a proper map
o: V[W] — V which in local coordinates is identified with the ¢ above.

Set E = o~ !(W), a submanifold of ¥'[W] of codimension one; then:

(@ o = V[W]—- E — V- W is biholomorphic.

(2.15)
(b) o: E > W is a holomorphic P*! bundle.

We are now ready to begin to define forms of kernel type.

Definition 2.16. Let W C V be a complex subvariety of codimension one. A
locally summable (p, g)-form p will be said to be of kernel type or semimeromor-
Pphic along W if in an open set U with W N U = {t = 0} for a holomorphic
defining function ¢ we can write n = t~'dt A ¢ + ¢ where ¢ € A714(U), ¢
€ APA(U) are smooth forms. We denote the space of such forms by A*(V{W}).
If W is a submanifold, d¢ # 0 near W. N.B. Any such form is locally summable
and defines a current [n] € 974(V). This is clear for nonsingular W; see the
proof of Proposition 5.3 for the general case.

Definition 2.17. If W C V is a complex submanifold, the space of (p, g) forms
of kernel type along W is the space of locally summable forms: AP4(V{W})
= {n: o*n € AM(V[W){E})). If codimension W = 1, this agrees with Defini-
tion 2.16 since in this case o is the identity map.

We remark that o* is defined for locally summable forms. Since o is
biholomorphic off the (Lebesgue) null sets W and E, we can equivalently define

AR WV{WY) = {0,[n]: n € AM(VIWIE})}

if we consider AP2(V{W}) C 9'P4(V). Clearly any such current is a locally
summable form.

Proposition 2.18. If (f,, . . ., f;) are any holomorphic functions on V of rank r such
that the submanifold W = {f; = --- = f = 0}, then, given the forms of Example
14,0 = Qmi)7'd log(|fi]+ -+ + |£?) and w = d"n the forms 4 A « and o
are of kernel type along W for any r.

Proof. Letting (f,, .. .,f) be part of a local coordinate system on ¥, and using
(2.14), we see that in U, X C, o*n = (27i)~'(¢7'dt, + d’ log(1 + ey 18:12))
This is clearly of the required form. Furthermore o¢*w
= (2n)7tid'd" log(1 + 34, |8:[?), which is a C* form, in fact the Kihler form
of the Fubini-Study metric on P*-!. The proposition follows. O

3. Dolbeault lemma for currents of residue type. Let A" C C™ denote any
polydisk centered at the origin.

Proposition 3.1. If u € D'74(A" X A{A™ X (0)}) and d"u = 0, there exists a
v € P (A™ x A'{A™ X (0)}) such that d"v = u.
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Proof. We will write A" instead of A”[0] in the notation of (2.15). If a: A™ X A
- A" X A'and E = ¢7'(A" X (0)) =~ A™ X P*\, then by definition

u = aufoo] + d'oy[py] + d"0y[p1]

where p; € 47*~i(A™ X A"{(E})).
Thus if {¢ = 0} is the local equation for E, locally p, = t~'dt A ¢ + . But we
see that d'[p,] = [d’p,], where

d'p = —t7'\dt A d'p +d'y € AP*(A" x AM{E)),

because d'[¢t'dt] = d'd[log|t|*] = 0.

Thus 4 = o, [py + d’p,] + d”0,[p,]. Furthermore, the forms in brackets can be
assumed to be of type (p,q) and (p,q — 1) respectively since the other compo-
nents cancel out. Since Proposition 3.1 is true trivially for d”s,[p,], we may
assume henceforth that

(32) u = ox[p]

where p € AP4(A" X A"(E}).

The proof will be broken into three parts, beginning with the hypersurface
case.

(a) Hypersurface case. Suppose n = 1; then A" X A' = A" X AL If (2, ..., 2,
f) are linear coordinates,

u=[Qmi)7'dt N @+ 1]

where ¢ and ¢ are C* forms with no term involving df (saying nothing about d7).
Then

(33) 0 =d"u = i[i*g] — [Qmit)'dt A d"¢ — d"y).

Since d”p and 4"y have no dt term, both d"¢ =0 and d"y =0 on
A" X A! — A™ X (0) and hence on A™ X A! by continuity.

By the usual Dolbeault lemma there exist forms ¢, §; such that d"g, = @,
d"y, = ¢. If we set v, = [-Qmit~")dt N @ + ], then

u— i*[i*(pI] = d”Vl-

Now iy[d”i*q] = d”i,[i*p] = 0, which implies that as a form on A™ X (0),
d"i*qg, = 0. We extend i*p, to a closed form ¢, on A™ X Al; for example if
p: A" X A' — A" is the projection, let @, = p*i*qy. Then if v, = [-(2mit~!)dt
A @), u = d"(v; + v,) since i, [i*p,] = i,[i*p,]. Since

vy + vy € DPATI(A™ X A{A™ X (0)}),

this proves Proposition 3.1 and hence Theorem 2.13 for submanifolds W of
codimension one.
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(b) In order to study the general case, we need the following results:
34 o*: HO(A",Qf) - H(A", Qf.)

is an isomorphism.

HIA Q) =C for0<p=g<n,
=0 for other ¢ > 0.

To prove (3.4) for n > 1, observe that 0~1* ¢, for any ¢ € H(A",Qf.), defines
a holomorphic form on A* — (0) which extends to A" by Hartogs’ theorem. Thus
o !* followed by extension is an inverse to o*. For n = 1, o* is the identity.

We will prove (3.5) by using local cohomology (see [11]) and induction on n.
The case n = 1 is trivial.

First we will prove that

(3.5)

(3.6) HI(A", Q%) ~ HI(C",Q7) forqg > 0.

We denote by A™ the space A" — E =~ A" — (0) and likewise for C*". The
inclusion i: A" C C" induces the long exact sequence homomorphism

» — HEA", ) — W, ) — B, P —> -

G.7) ] % I"q I"q

. — Hz,(én,m) — (", QP) — B, QP) — - -

By (3.4) we break off the H? part and consider the sequence beginning at the
H! level. The maps a, are isomorphisms by excision. We show that the v, are
isomorphisms by a second exact sequence, which we can also begin at the H!
level:

T Hfo}(A", P) — HI(A", QP) —— H"(A"‘, QP) — .-

3.9 \a,, Ib,, I,q

C— H}y(C", @) — H(C", @) — HI(C™, ) — - -

The a, are isomorphisms by excision. The middle cohomology groups are all
zero, so b, is an isomorphism. Hence by the Five Lemma and (3.8) the v, are
isomorphisms. Applying the Five Lemma to (3.7) we then get (3.6).

Next we compute H9(C",27). Let H be the hyperplane at infinity, so that
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C" = P" — H. Also let P" be projective space with one point blown up, i.e.,
P" = C" U H in the natural way.

Recall that p: €" — P™! sending (z,...,2,) into [z,...,2,] gives C" the
structure of a holomorphic line bundle. This extends to a map u: P* - P!
which is a holomorphic fiber bundle with fiber P!. Also the map o extends to a
map o: P" > P".

We will use the following commutative diagram of exact sequences induced by
0:

o — gul, ) o, e, op) e @, 0p) — -
(3.9) Io*(l) lo*(z) ]a*(s)

o HY 0, @) 24, 9T, ) L H(C, ) — -

Again by excision ¢*(1) is an isomorphism for all . Also 6*(2) is an injection
for all g. This is easy to see, for the generator of H?(P",27) in Dolbeault
cohomology is w”, where w is the Kihler form on P". But the cohomology class
of 6*w? # 0 since fp. 6*w? A 6*w"? # 0.

Furthermore, since H4(C",2*) = 0 for ¢ > 0, a, is a surjection for ¢ > 0; in
fact a, is an isomorphism for ¢ > 1. Thus a, = ¢*(2) ° a, © ¢*(1)™" is injective
for ¢ > 1, which means b, is surjective for g > 0.

Since P" is a holomorphic fiber bundle over P*! with fiber P!, the Leray
spectral sequence shows that H?(P",QP)~C? for ¢g=1,...,n—1, and
HO(P", Q%) ~ H"(P",Q") ~ C. (This sequence degenerates at the E2 term by
inspection.)

Now the cokernel of a, equals cokernel 0*(2) for all g since o*(1) is an
isomorphism. Thus for ¢ > 0, since b, is surjective,

HY(C",QP) ~Coko*Q)=C ifp=¢p<n
=0 otherwise.

This with (3.6) proves (3.5).

(c) Now we prove the Dolbeault lemma for D?4(A*{0}). Let u = o,[p], where
p € AP4(A™{E}), ¢ > 0, and suppose d"u = 0.

For any such p, d”[p] = is[¢] + [y}, where ¢ € AP4*'(A"{(E}) and ¢
€ AP'4(E), the map i: E — A" being the inclusion.

But ¢,[¢] = 0 on A" — (0) and thus y = 0, since ¢ is biholomorphic on this
set. Thus

(3.10) d"[p] = ix[q]
and i,[d"¢] = d"i,[¢] = d"d"[p] = 0, whence d"¢ = 0.
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By the Dolbeault cohomology of E = P\, there is constant ¢ such that

(.11) ¢ = d"A + cuf

where w, is the Kihler form for the Fubini-Study metric on P*-! [21]. Of course
¢ = 0for p # g + 1 or (3.11) is meaningless.

Now if n and w are the forms of Proposition 2.18 o*w = p*w, where
u: A* = E is the projection, and

(3.12) d"(o*n A &) = i,[wf] + [6*w?*!]

as is clear from the local expression in Proposition 2.18.
We can write cp*w§*! as a boundary:

(3.13) du*ef*'] = d"(o*en A o]+ is[N] - [o]).

But on cohomology p* is an injective map, since i*o* is the identity. Therefore,
ifg<n-=2c=0Butif g=n—1, then

0 = oyis[p] = d"0yis[A] + 04 ix[cf!] = ¢,

for d”0, i, [A](§) = fg A A i*e*d”{ = 0 because i*¢*d”{ = 0 on E.
Thus we conclude that

(3.19) d’(Ip] — i,[A]) = 0.
By (3.5) the injective map
p*: HI(P', Q%) > HY(A",Q4)

is an isomorphism for ¢ > 0. Furthermore, by part (a) above we have Theorem
2.13 for the codimension one case; thus

H"(&",Q{.) ~H "(I‘JC{;”;(E}).
Therefore,

(3.15) [o] = i[A] = d"v' + [p*wf]

where v’ € 9P4-1(A"{E}),0 < g < nm,andc = O forp # q.
Now by (3.12),

(3.16) [o] = ilA] = d”(v" + o*cn A w?71) = ciy[w§'].
But since 6, iy[w§™'] = 0 for the same reason that o, ix[A] = 0, this yields
(3.17) o.[p] = d”(o, v’ + cn A wi7).

This proves Proposition 3.1 for the case m = 0 and any n. To complete the
proof one approach would be to observe that Q3my s = Q%= ® 02, the topological
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tensor product, and that the resolution (2.12) for Qfmer by Huname(oy) is just the
topological tensor product of resolution (2.4)(iii) for 3= and (2.12) for Q%. Using
the Kiinneth formula for sheaves [17] we conclude Proposition 3.1 for p = 0. But
since the sheaves Qfn, s and their resolutions are just direct sums of Q= ® Q5"
~ D%~ ® L, the same argument suffices.

A more straightforward approach is to do induction on m. This, however,
requires that all the results of §3 to date be proved under the assumption that all
forms of kernel type be allowed to have coefficients which are also C* functions
of ¢t € A This follows from the same proofs using the Dolbeault lemma with
parameters (same proof as [6, p. 97]) or even by using topological tensor products
[17).

Let u € @’P4(A! X A™ X A*{A! X A™ X 0}), where coordinates are (t,z,...,
Zppn)- Then u = uy+dif A uy+dt A uy+ dt A di A u,, where each y; in-
volves no dt or df and may thus be considered currents on A™ X A" with
parameter ¢ and additional (dummy) parameters s € A". Now

(G.18) 0 =d"u=d"uy—di A d"u —dt A (d"u, — di A d"u).

Since the first two terms involve no dt term, d"uy = di A d”u,. If we write
d” = d",+ d’,, then since there is a df factor in d”uy, d”,uy = 0. Thus there is a
vp, a current of A™ X A” with parameters such that d’,u, = u, Consequently

(3.19) Uy +di Ay —d"vy=di \ wy

and d”(df A wy) = —df A d’,wy = 0, where w, involves no dt or di. Hence
there is a v, with d,v; = wy and d”(d? A v,) = =di A\ d’,vy, = —di A w,
Thus

(3.20) Uy +di N uy =d"(vy— di A v)).

The same argument applied to d”u, = df A d”u, gives u = d”v and Proposi-
tion 3.1 is proved. 0O '
Finally we must show the Poincaré lemma to prove (2.11).

Proposition 3.21. Given u € FP9D""(A™ X A{A™ X (0)}) with du = 0, there is a
v € FPO'™-1(A" X A"{A™ X (0)}) such that dv = u, if r > p.

Proof. We will work by downward induction, using Proposition 3.1. First we
note that Proposition 3.21 is true trivially for p > n. Let u = 4, + u,, where u, is
a (p,r — p) current and u; € FP*19)”", Then 0 = du = (du; + d’'u;) + d"u,; the
(p,r — p + 1) component of this form is d”u, = 0. Thus if » — p > 0 there is a
v’ € @»P1 such that d”v’ = u,. Then d(u—dv’) =0 but u—adv’ =y
- dv' € Frl9”,

By the induction hypothesis, unless p + 1 = r, we can find v” € FrHi'r-}
suchthat u =d(v' +v"). lfp+ 1 =r, v = u—dv' € D79, Since du’ = 0,
u is a closed holomorphic (p + 1,0) form in T'2#*! by (2.4)(ii). By the Poincaré
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lemma for holomorphic forms [6, p. 101] there is a form v” € 470 such that
dv” =w and thusu = d@’' +v”). O

4. Global residue forms for other currents. In this section we construct residue
forms for more general currents using kernels on ¥ X V which are forms of
simple kernel type.

For notational purposes it will be useful to extend the definition of AP4(V{W})
in a weak way:

Definition 4.1. A7(X{Y}) for complex spaces Y C X is the set of locally I}
forms n on X such that, if S = Sing X U Sing Y, the restriction ¢ |y_g
€ AM(X — S{Y — S}).

Lemma 4.2. If W C V| and V; are all complex manifolds and f: V{ > V; is a
holomorphic map with rank f = dim ¥, and also rank(f| W) = dim ¥; as well,
then

fareti(K{wy)) C 47 (1),
where d = dim ¥ — dim V5.

Proof. We can assume that dim ¥ = dim W + 1 since the hypotheses are also
satisfied for ¥[W]. In local coordinates (z,,...,z4w,...,w,) in U, C ¥, and
(w5 ...,w,) on ¥, we may take W = {z; = 0} and f the projection on the last »
coordinates. If ¢ € AP*#4+4(U,), ¢ = dz)/z; A\ ¢ + ¢y, @ C®, and fop at w is
Joi=(@,,.....0) 401/21 N @i(2,w) + @,(z,w) which is clearly C* in w. We may
assume supp ¢ C U, for some a by using a partition of unity. O

Suppose ¥ and ¥; are complex manifolds of dimension n, and n,. If
Pi: V; X V; > ¥, are the projections, then every current u € D4(} X ;) defines
a continuous linear map

i A7 (F) > P (y)
by setting

43) TLoW) = u(ple A piY)

for ¢ A A2*(W{) and ¢ € A%(V;) wherea =m +nm—p—rb=nmn+n—gq
-
We also define the adjoint by the same method:

44 T'We) = u(pie A PiY)
which gives T': A% (13) - D'Pra-ma+b-m(};),

Note that if p,: supp u = ¥, is proper, T, may be extended to 4™*(¥) and
similarly for T'. For special u we may hope to extend 7; to all of "**(¥); this is
equivalent to proving certain smoothness properties of 7;'y. We proceed to do
this when u is given by an appropriate form of kernel type; the problem will be
reduced to the smoothing properties for the classical kernel for d” on C.
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Lemma 4.5. Let V be a complex manifold of dimension m and let u = [n)] for
n € A2V X V{A}), where A C V X V is the diagonal. Then, writing T, for T,

@) Ty is C* for all C*Y, ie., T(A*(V)) C A™mb(V) C @'memb(y),
where as abovea =2m —p—r,b = 2m — q — s.

(ii) Let ¢y, ¥3, ... be a sequence in AZ*(V') all supported in the same compact
K C U an open coordinate neighborhood such that there is a uniform bound for the
absolute values of all the coefficient functions of all the {;. Then if the , converge to
zero almost everywhere, then the sequence T,/ {; converges uniformly in a C° sense,
i.e., the coefficient functions converge uniformly on compacts, and there is a compact
K’ with supp T,/ §; C K’ for all i.

Proof. Part (i) follows from Lemma 4.2. We will reduce (ii) to the case where
V = C™. First cover V by a locally finite family {U,} of coordinate neighbor-
hoods; then {U, X U,, ¥ X V — A} is a locally finite open cover of ¥ X V. Let
{A,»A} be a partition of unity with respect to this cover (supp A C V' X V — A);
then Aq is a C® form in A24(V X V') and (ii) will be shown at the end of the proof
for C®y. Since n = Ay + 3, A, it suffices to check (ii) for A,n, which can be
considered to be in 424(C™ X C™{A}). We will write 7 instead of A,n below.

The proof of (ii) depends on the fact that in C

lim [ etdt Adi=0.
Irl<8
We observe that from (i), if (z, w) are coordinates in C” X C™, T/'{; = [a], o;
€ Ar-amb5(C™) with a;(z) = fxc=m A p3(¥;), the integration with respect to
the dw.
First we claim that there is a C® function 0 < p <1 with p=11in a
neighborhood of A defined for any ¢ > 0 such that

f AV 417
zxCc™

<¢/2 forallz,

where || ||, means the maximum of the coefficient functions at z.

We prove this by lifting to get 6*(n A p%y;) on C™ X C™[A]. We break this
form up by a partition of unity subordinate to the m coordinate neighborhoods
(Z1seeesZmsSiseeesnirt) With {f =0} = E = ¢71(A) and p, ° o(2,¢,2) = (2),
cf. 2.14. Now we have a finite sum of integrals of the form

46) IR = [ fsortddidsd§ - - By dGy.
P+ <R

By assumption the C* functions f; are uniformly bounded, so for some § > 0,
|I(R)| < &/2m for r < 8. Now choose any u which is supported in o (union of
the 8 neighborhoods).

Now = pun + (1 — p)n and (1 — p)n is C*. If we know (ii) for C®n we are
done, for then we see that for large i, ||f;xc» (1 — p)n A p3dill; < ¢/2 and thus
la;(2)ll; < e, which will end the proof.
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To show (ii) for n smooth, we can again reduce to ¥ = C™. We observe that
foxem 1 A p*¥ill, < MC; where M depends on the supremum over C™ X C™ of
the coefficients of 7 and C; is the maximum of the integrals of the coefficients of
y; over C™. By hypothesis and the bounded convergence theorem, C; = 0 as
i—>oco. O

A current u € 9D,(V) can be considered to be a form whose coefficients are
distributions; a current of order zero is a form whose coefficients are Radon
measures. Equivalently, a current u is of order zero if u can be extended to a
continuous linear functional

u: C04.(V)->C

on the space of continuous r-forms with convergence of {g;} defined to be
uniform convergence of coefficients on a compact set K such that supp ¢; C K
for all i (see [29, p. 25]).

Proposition 4.7. Given n € AP(V X V{A}) such that p,: supp n — V is proper,
then

(a) the map T, extends to a continuous map T,: D"*(V) — @'r+p-msta-m(y),

(b) for any current u, sing supp T,u C sing supp u;

(c) if u is of order zero, Tyu = [£], where £ is a form with locally L coefficients.

Proof. The extension of T, is defined by T, u(y) = u(T;y), which is well defined
by Lemma 4.5(i). To prove the continuity of T, reduces to proving the continuity
of Tj: A7*(V) - Ar—emb(V'), which is clear from local expressions of the form
of the integrand of (4.6) (cf. [29, p. 105]).

Statement (b) is also immediate from Lemma 4.5(i). Suppose x & sing supp u;
let 0 < A < 1bea C® function with A = 1 near x and supp A N sing supp u
= . Then u = Au + (1 — Nu. Since Au is C*, so is T,Au. Now T,(1 — Au
= Ti-rop)n ¥ by definition, and (1 — A o py)n is C* in p;'(U), where U is any
open set on which A =1 (because singsupp(l—-Aeop)pCAN
supp p3'(1 = A)). Thus in U, T,(1 — A)u = u,((1 — A o p)n(z,w)), that is u
applied to the z-part of the form. This is C*[29, p. 105].

Part (c) follows from Lemma 4.5(ii) which can be interpreted as saying that T;f
is a continuous map from forms with compact support and L* coefficients to
forms with compact support with C° coefficients. Dualizing we get that T, is a
map from forms with Radon measure coefficients to forms with locally I}
coefficients. [0

Lemma 48. If v € 9”(V' X V),
Ty=d"oT'oe+eoT'od",
s =doT'og+¢eoT'od"

where e(u) = (—1)°'u for u € D'*(V). Consequently, if n € A'(V X V{A}) and



GLOBAL RESIDUES AND INTERSECTIONS 181

pa: supp m — V is proper, then Ty, and Ty, extend from A(V') to 9" (V') by the
Jormulas:

Trg=eoT0d" +d" o Toe,
Tyy=¢t¢oT,od+doToe

Proof. The second formulas do define mappings on 9 (V') by Proposition 4.7;
one proves it is an extension of Z;-,, etc., by taking adjoints of the first formulas.
To see the first ones, note that

i) = d"v(pte A piY)
= ()" @(pid"e A p5y) + (=1)v(pie A p3d™y))
= (1" (Tyd"g) + (=1)'Td"U o))
=@ cToey) +eoTod(Y))(e), etc. O
Given an open neighborhood N of the diagonal A C ¥V X V, we let ®(N) be
the family of closed sets F C N such that p;: F— V, i = 1, 2, is proper. This
®(N) is a family of supports, and we can consider the forms 45?(V X V) and
currents Dg(V X V'), etc., which are forms and currents u such that supp u € ®.
(We will let N be understood.) In particular, for any such N, A C ® and
[A] € g™ (V X V{A}). We can compute the sheaf cohomology with supports in
@, H{(V X V,Q”) and H{(V X V,Q7) by means of the resolutions (2.11) and
(212) from the de Rham and Dolbeault groups H'(Ty F?¥}%y) and
(0 W) (e [9, p. 181)).
In particular, we can write

(4.9) [A] = a"[q] + [£],
(4.10) [A] = dla] +[B],

where 1 € AP™ N (VX V{A}), ¢ € AG™"(VX V), a € Fm"AF~'(V X V{A)), B
€ FMAP(V X V).

We now use these kernels to provide a global residue formula for any current
u which has special properties for certain u. The results of this section are
collected in the theorem below. Parts (a), (b) and (c) of this theorem are
essentially standard results about singular integral operators, but (4.12) is a more
delicate result.

Theorem 4.11 (Global residue formula). Given any current u € D'™*(V'), using
the notation of (4.9) and (4.10),

4.12) u=*d"Tux Td"u+ Tu,
(4.13) u = *dLu* T,du + Tyu,

where the signs are determined by Lemma 4.8.
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(a) T;u and Tyu are C* forms which vary continuously in the C* topology as u
varies in the distribution topology.

(b) If u, d”u, and/or du are currents of order zero, then T, u and T,u, T,d"u, and/
or T,du are locally L' forms which vary continuously in the local L} topology as the
corresponding currents vary in the order zero topology.

(c) Given any neighborhood U O supp u, the forms n and a can be chosen so that
all the currents in (4.12) and (4.13) have support in U. Also sing supp T,u
C sing supp u, sing supp T,d”u C sing supp d"u, etc. '

Proof. The proofs have mostly been given above.

(a) T;u is given by applying the current u to the first variable of the smooth
two-variable form §, cf. [29, p. 105].

(b) follows from Proposition 4.7; the continuity statement is implicit in the
proof of that theorem.

(c) Choose N C ¥V X V to be a neighborhood of A such that suppu X ¥V N N
C V X U. Then use this ®(N) to choose the forms in (4.9) and (4.10). The sing
supp assertion is Proposition 4.7(b). O

Theorem 4.12. For any k-dimensional subvariety Y C V, given ¢ € A(Y) and
n € A°(V X V[A]) with p;: supp n — V proper, i = 1, 2, the current T, ix[¢) is the
current defined by a form in A+ *(V{Y?}) (i: Y = V is the inclusion).

Proof. The current T i,[¢] is an ! form, C* on ¥ — Y by Theorem 4.11. To
prove the rest this can be reduced to the case that ¥ = C". Given any
x € V — sing Y and any compactly supported C® function A such that A = 1
near x, let A, =Aop, on VX V. Then, for any current u, T,u = AT,Nu
+ AT, (1 = M)u + (1 — N)T, u. The last term = 0 near x, and the second is C* by
(c) of Theorem 4.11. The term AT,Nu = T, ,Au. Thus given any coordinate
neighborhood U of x, if we choose A with supp A C U, we have supp Au C U,
supp A, A,n C U X U and we may transfer these to C" and C” X C” by the local
coordinate functions.

Since Y is nonsingular we may suppose that ¥ = 0 X C¥ C C** X Ck. Thus
VY] = Cm* X Ck. Also if py: Ck X C" > C", then T, i,[p] = pau[i*n A ¢

Let (x,y,2) be linear coordinates in C*¥ X C** X C* and let the linear map
given by L(x,y,z) = (x — z,y,2z) take A’ =A N CkxXC**x C* onto 0X0
X Ck. Also p, o L = p,.

It is easy to see that if o: C" X C"[A] = C" X C" is the monoidal transform the
manifold o~!(C* X C") is biholomorphic to C¥ X C"[A’]. This is biholomorphic to
C" X C* by a unique map that covers L.

Thus it suffices to prove the following case:

p € AZ(Ck X C* X CK{0 x 0 X C*})
and

Pa: CE X C* X Ck — C** x Ck.
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We wish to show that for

0p: C* X Ck > C X C¥, o%prep € AL (Ck X CHE x C*)).

(We write p,, p for the form that defines the current p,, [u].)
Look at the following commutative diagram:

ckx Cn—k x ck 2L, ck x cn—k x ck

l”z lpz
C*Fxck 2o, cnkxck

where m, is the projection and the o, are the monoidal transforms. If we can show
that 0% p € A7+*(Ck x C** X C*{C* x E X C*}) we are done. For then if # = 0
locally defines E X C¥ C C"* X CX, then o%p = (n4(t71dr)) A {4 + ¢, with
smooth, and m, o%p = t71dt A me{y + M4y, Which is in

Ar+s—2k(én—k X Ck{ EX ck}).

But m, 0% p = 0% p,4 p since the o; are biholomorphic except on a set of measure
Zero.

To show that o%p is semimeromorphic, it suffices to factor o, through
C" X Ck =~ C"x C¥[A’). The injective mapping j: C* X C** X Pr*-1 - Ck
X C*k x P*! given by j(x,y,[w]) = (x,»,[0,w]) induces a map j,: Ckx C**
— ", thus 6, = o o (jj; X 1). Since o*u is of the form ¢~'dt A ¢y + ¢y, 50 is
GixDe*u. O

5. Further properties of residue forms. In this section we establish further
properties of the residue forms of the previous section. The most striking property
is that the pull-back of such a form is locally integrable; a property not shared
by most locally integrable forms.

(a) Properties under f,.

Proposition 5.1. If f: X; = X, is a holomorphic map of complex spaces, X, is
irreducible, and v is a compactly supported r-form on X, with L' coefficients, then f,[n]
is also a current defined by an L' form, provided that f(X;) contains an open set.

Proof. The map f has maximal rank except on a set of measure zero in X,.
Therefore, by the implicit function theorem the set f~!(B) has measure zero in X;
if B has measure zero in X,. Thus the measure £, [n] is absolutely continuous with
respect to the volume measure on X;. O

Proposition 5.2. Let f: X, = X, be a proper holomorphic map of complex spaces,
X, irreducible. If n € AP2(X,{Y}) and if f(Sing X; U Sing Y) # f(X,), then there
is a proper subvariety Y’ C f(X,) such that f,[n] is C® on f(X;) — Y".
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Proof. Let
S, = {x € Reg X;: rank df, < dim f(X;)},

S, = {x € Reg Y: rank d(f| Y), < dim £(X;)}.

Then § = §, U S, U Sing X; U Sing Y| is a proper subvariety of X;. By hypoth-
esis, by Sard’s theorem, and by the proper mapping theorem [12], f(S) is a proper
subvariety of f(X;). Let Y’ = f(S). On f(X;) — Y’ C Reg f(X;), fi[n] is C* by
Lemma 4.2. O

Note. We will write f, n for the I! form ¢ on X, such that f,[n] = [{].

(b) Properties under g*.

Proposition 53. Let f: V — X be a proper holomorphic map of a connected
complex manifold into a complex space. If Y C V is a divisor with normal crossings,
there exists a proper subvariety Y’ C f(V') with the following property: for any
holomorphic map g: Z — X of an irreducible complex space Z such that f(Z) ¢ Y’
and for any n € APA(V{Y'}) which is semimeromorphic, the form g*f,n has locally
L coefficients on Z.

Proof. Let Y’ = f(S, U S,), where S, = {x € V: rank df, < dim f(V)}, S,
= {x € V: for some germ of a component ¥, C Y, rank d(f| ¥), < dim f(V))}.
Then, as in Proposition 5.2, f,n is C* on f(V) — Y".

We form the fiber product W C ZX V: W = {(z,x) € ZX V: g(2) = f(x)}.
Now let p;: W— Z and p,: W— V be the projections. Since locally 7
=dt/t N @ + @, ptn = phdt/t A pho, + pto, has the same type of singular-
ity.

We observe that on any complex space W, if A is a holomorphic function from
W to C which is not constant on any component of W, then dh/h is locally L. A
proof follows from resolving the singularities of W by a: W — W in such a way
that D = {h o 0 = 0} is a divisor with normal crossings. The set D = {z,,...,z,
= 0} in local coordinates and hence h o 6 = az]!, ..., zf* a being a unit. Then
o*(dh/h) = daja + 3 n;dz,/z,, which is locally L! on W. Since W modifies W on
a set of measure zero, h~'dh = o, 6*h~'dh, which is locally L' by Proposition 5.1.

Thus also by Proposition 5.1, the form py, p}n is locally I! on Z. We must
verify that g*fm = py.pyn almost everywhere. This is trivially so on
g7'(f(V) — Y’) because f, having maximal rank, gives ¥ — f~1(Y’) a local
product structure. Since by hypothesis g=!(Y’) has measure zero on Z we are
done. O

Proposition 5.4. Given a complex manifold V, let n € AP4(V X V{A}) such that
pi: supp n — Vis proper,i = 1, 2. Let i: X = V be a subvariety and let g be any
holomorphic map g: Z — V such that Z is irreducible and f(Z) & X; then for any
@ € A™(X), the form g*T, i, [¢] is locally I} on Z.

Remark. Recalling (4.3), we see that if j: X X ¥ = ¥V X V is the inclusion and
P2: XXV = V the projection, T,iy[p] = prulj*n A @], because the form j*7
A @ is locally ! on X X V by Proposition 5.3.
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Proof. The proof is similar to that of Proposition 5.3; we outline it here. Let
Y =0 ' (XX V) where o: VX V[A] > V' X V. Then v = ¢*(n A p%¢) has
poles like ¢~'dt A yy + 1, on Y. Take the fiber product W C ZXY: W
= {(z,): g(z) = p,(o(»))}. As in Proposition 5.3, p}7’ is locally L' on W and
hence pz,p%7’ is locally L' on Z. As before p, o 0: Y — V is a product over
V — X, 50 g*T,ix[p] = pz«p¥n’ almost everywhere. O

(c) Continuity of fibering. We wish to generalize the fibering theorem of [19].

Proposition 5.5. Suppose that W C V are complex manifolds, d=codimension W,
and suppose that a subvariety X C V is endowed with a holomorphic map w: X — U,
U a locally irreducible complex space, such that for each X, = n~'(z), X, has
dimension k and X, N W has dimension k — d. Then given any n € AP (V{W})
the current [X,] A n varies continuously with z in the current topology (also in the
flat topology (8], [19]), where [X,] is the variety X, with the multiplicity of the map w
at z.

Remark. [X,] = {[X],7,z) in the notation of [19].

Proof. We may assume that d = 1 since if we set X’ = ¢~'(X) for o: V[W]
> V,W =FEand V' = V[W],# = 7 o 0 and ¥ = ¢*n we have a configura-
tion that satisfies the hypotheses of the theorem. Since o, (X, A 7') = X; A qit
will suffice to prove this case.

The currents [X] A n and [X,] A 7 are defined by Proposition 5.3. If A is any
smooth function which is = 1 in a neighborhood of W, then [X,] A (1 — A7
varies continuously with z by the fibering theorem of [19]. We wish to show that
given any ¢ > 0 and any compact K C ¥ we can choose a A such that for any
smooth form ¢ on ¥ supported on K,

(5:6) X.]1 A M@)] < elldllx

for all z € U, where ||{/||¢ is the sup norm on K.

Since d = 1, locally n = ¢~'dt A\ ¢ + @,, ¢, smooth. Since the theorem is
local we may assume n = ¢~'dt and then patch with a partition of unity.

Now let us resolve the singularities of X by a proper map 7: X — X so that
(X N W) =D is a divisor with normal crossings. As in the proof of
Proposition 5.3, D = {z, - - -+ - z;, = 0} in local coordinates and

dt d -1 0
™* 'i‘ = 2] n;z; dzi + C term.
fm

Since limyo|fjj<s z7'dz A dz| = 0 in C, we may find a neighborhood N of
D N t71(K) such that (5.6) holds for any 0 < A < 1 such thatsuppA o7 C N.
O

(d) Generalizations of residue forms. Theorem 5.3 generalizes Lemma 1 of [18]
which says that for any g: X — C" which is not identically zero the forms
g*(m A &) and g*(w") are locally ! on X, where
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n = Qni)'d log(|z[* + -+ + |z,*)

and w = d"n are the forms of Example 1.4. In proving residue theorems it is
frequently useful to prove that a given residue form is locally L', and such forms
are often pull-backs by g* of simpler forms. For this reason it would be useful to
extend the theorems of this section to a wider class of forms; we will indicate how
this can be done.

Let W be a submanifold of V; then a form 9, C* on ¥V — W, is said to have
general residue type along W if the form o*n on ¥ [W] has singularities which are
sums of the following forms near E = o~!(w): The local defining equation for E
ist=0.

(a) (log|eP)y,

(b) (log¢ )2t A,

() (logle*)-'dE Ay,
where ¢ is a form C® on V[W] — E and bounded near each point of E.

Forms of this type share the property of ¢~!d that g* of such a form is always
locally L' on an irreducible Z provided g(Z) ¢ {t = 0}. The proof is the same
as given in Proposition 5.3. Resolve the singularities of Z to 7: 2 — Z such that
D = {tor=0}is a divisor with normal crossings. Then to 71 =z, ..., z}*
times a unit, z; being coordinates. It is trivial that for such ¢ o 7 the singularities
(a), (b), (c) are locally I! on Z and we apply 7, to get Proposition 5.3 for these
forms. Thus we claim the following proposition is true.

Proposition 5.7. Propositions 5.2, 5.3, and 5.5 are true for forms n of general
residue type.

Proof. Same as for Propositions 5.2, 5.3, and S.5.

Observe that singularities such as |¢| ™' d¢ are included in these forms since this
is (¢]¢t|™")t~'dt and ¢|¢t|™" is bounded.

These forms are not closed under exterior multiplication since |¢|™2dt A df is
not L!. However, for such a form 0, 6,7 A @ is locally ! on V if the degree of
the form 7 < 2 codim W and degree 0,m A @ = 2 dim V, since for any coordi-
nate w; on V constant on W, e*dw; = td§; + {dt. The dt term is killed by dt A di
and td A |t|2dt A di = d A T'dt A di which is L'. Since degree 7
< 2 codim W, any form ¢ of complementary degree must involve such a
coordinate w;. Thus o, 7 is also locally L.

Proposition 5.3 is not true in general for forms u with the singularity of o*7
being |t|™2dt A df, but if g~'(W) is a submanifold of a manifold Z with
codimension d, where d also is the codimension of W in V, then Proposition 5.3
does hold if deg n < 2d.

For example we have the following:

Proposition 5.8. Let g: (g, ...,8,): U— C" be a holomorphic map on 0 € U
C C" such that g='(0) = 0. Then the form
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(log|g|)*|g| ¥ Hdg X A dgt
is locally ' if |K| + |L| < 2n, where dgX = dg, A --- A dgi, r = |K|, etc.

Proof. The proof is indicated above since this form is g*n, n = (log|z|)*
|z|\KHILidzK A dzL, The worst singularities of 6*% on C” are |¢|~2dt A di which
is cancelled by the zeroes of a 2n — |K| — |L| form ¢ pulled up to the fiber
product. A complete proof of this is given in Lemma 5.6 of [5], along the lines
indicated here; this was previously proved in [30]. O

A final remark is that if one wishes to admit more general currents than I}
forms, one can look at the principal value of df/f" for n > 1. This theory has
been developed in [14]. One could also look at currents o, #, where u is a current
on V[W] of this type and could probably establish some of the results of this
paper for these currents.

6. Intersection of complex subvarieties. Given two complex subvarieties X, Y
C V, a complex manifold of dimension n, if dim(X N Y) =dim X + dim Y
— n, the intersection X - Y is defined. This X - Y consists of the subvariety
X N Y with a certain multiplicity assigned to each component. In [3], [7], and
[19], X - Y is defined by homology, local analytic geometry, and measure theory,
respectively; in the latter it is also proved that the definitions coincide.

In this section we will define X - Y by means of residues. This was already
done in [18] for a special residue form constructed from the Bochner-Martinelli
kernel; but we generalize this result to the residue forms of §§3 and 4.

We will first deal with the case of a subvariety intersecting a submanifold
transversally. Then using local perturbations of X and Y and the continuity
proposition 5.5 we will show that our intersection definition coincides with that
of [19].

Lemma 6.1. Let X be a k-dimensional complex subvariety of the complex n-
manifold V and let W be an m-dimensional complex submanifold of V such that
dim(X N W) = k + m — n. If the intersection of Reg X and W is transversal and
if dim(Sing X N W) < k + m — n, then for any n € A'(V{W}) with

dn] — [dn] = il9] fore € A*(W)

and i: W — V the inclusion, we have the following equation of currents:

d(X] A ) = [X] A dn=i(X N W] A g)

Remark. By hypothesis [X N W] = [X - W] since the multiplicity of a trans-
versal intersection is one.

Proof. We first observe that [X] A 7 = 6,(X’] A o*9), [X] A dy = 0,(X']
A do*n), where X’ = ¢7!(X) C V[W]. This is true since for any smooth form
o [X] A (@) = fregx M A @ = fregx-w M A @ = fregx—£ 0*1 A o*a since X
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N W has measure zero in X by hypothesis. We observe that the integrals
converge by Proposition 5.3.

Now since these are equations of currents we can localize, or equivalently, we
break up o*n by a partition of unity so that we may assume o*n = (27it)"'dt
A ¢ + ¢, where ¢t = 0 is a local defining equation for E = ¢~!(W) and ¢ and ¢
are smooth forms supported in the domain of ¢. Of course n = g, 6*7. For this 5

(62) u=d([(X'] A o*n) = [X'] A do*n = [@d([X’] A Qmit~")dt)) A ¢

Let U be an open set contained in domain ¢. The current
v=d([X’] A nif)'dr)

clearly does not depend on the choice of ¢. We claim that the restriction
vlp=[X"Nn EnN U] If this is verified, then we will have, by (6.2), u
=[X'"NE]AY.

We wish to show that v |, is determined by its restriction to U —
Sing(X’ N E). One way to prove this is to follow the proof of Proposition 5.3
and lift the form (27if)'dt by r = X — X", a resolution of the singularities of X
such that {t o7 = 0} is a divisor with normal crossings D, counted with
multiplicities. Then d[r*(2nif)~'dt] = [D] and %,[D] = d[(27ir)'df] on X’ and
this is the current defined by a locally L} function on X’ N E by Proposition 5.1.
Since this is a closed current the function is constant on Reg(X’ N E). Since
dt # 0 for the set Reg X’ N E dense in Reg(X’ N E), by an easy computation,
essentially given in Example 1.2, this I! function = 1.

A second way of concluding this is by a general theorem of Federer on the
supports of flat currents, of which v is an example (cf. [8] or discussion in [19]
about measure support).

We have now verified that

d(X] An) = [X]1 A dn=o4u=0,(X" N E]AY).
Now for X = V, this says that o, ([E] A ) = ¢. That is the integration of y over
the fiber of the P™! bundle E over W is . But X’ N E is just the same bundle
restricted to a P! bundle over X N W. Thus 6, (X’ N E] A ¢) = [X N W]
ANe. O

Theorem 6.3. Let X be a k-dimensional complex subvariety of the complex n-
manifold V and let W be an m-dimensional complex submanifold of V such that
dim(X N W) =k + m — n. Foranyn € A(V{W}) with

d[n] — [dn] = i[g] forp € £#/(W)
and i: W — V the inclusion, we have the following equation of currents:
d(X]1 A m) = [X] A dn=i(X- W] A ¢)

Corollary 6.4. For X and V as in Theorem 6.3, let j: Y — V be a subvariety of
dimension m and let p € A**'(V X V{A}) be such that d[u] — [du] = [A] and
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pi: supp p —> V is proper, i = 1, 2. Then for any ¢ € A°(Y), if [p] = T,jl¥] (cf.
Proposition 4.7(c)) then d([X] A p) — [X] A dp =[X - Y] A 4.

Proof of Corollary 6.4. The current [X] A p = pp, (X X Y]'A p A p%y); the
proof is implicit in Proposition 5.4, although this case is much simpler. If in
Theorem 6.3 we replace Vby VX V, Wby A, X by X X Yand n by p A p%y we
are done, using the fact that pp [X X Y - A] = [X - Y][19, part4.1]. O

Corollary 6.5. The results in Theorem 6.3 and Corollary 6.4 remain true if there
is a form p with d"[p) — [d"p] = i[g] or [A), respectively. Then d”((X] A p)
- XIANdp=[X W] A ¢, et.

Proof of Corollary 6.5. Observe that d[p] — [dp] = d"[p] — [d"p] since
dft'dt ANyl =[t"'dt Nd'Y). O

Proof of Theorem 6.3. Since the theorem is local we may assume that V is an
open subset of C".

We wish to look at the family of all translations of X. Let Z C X X C* be
{(x,2): x — z € X} and 7: Z — C" be the projection. Now for any open subset
U C V with compact closure. U C V there is a polydisk 0 € A C C" such that
7-'(A) N Z N U X C"is a subvariety of U X C". (We are taking translates of X
and thus translating boundary points of X into the interior of V; for any
relatively compact U, small translations of X are still subvarieties of U.) Call this
subvariety Z’ and let W’ = (W N U)X A and ' = p*n, where p = VX C"
— V. After possibly restricting A further, each Z, = X + z intersects W’ in
dimension k + m — n.

Thus 7: Z’ = A and W’ C U X A satisfy the hypotheses of Proposition 5.5.
This says that the currents [Z,] A %’ and [Z,] A dn’ vary continuously in z.
Now if we set X, = X + z, the translation of X by z, then [Z}] = [X, X {z}]. The
multiplicities are one because the map #: Z’ — A is a local product. Thus the
current d(X,] A 1) — [X,] A dn = p.(d([Z.] A v') = [Z.] A dn), which is de-
fined on U, varies continuously in z.

Now we claim that for almost all z in A, X, satisfies the hypothesis of Lemma
6.1. Suppose that the coordinates in ¥ have been chosen initially so that
W = L'(0) for some linear map C" — C*™". If

B ={x € Reg X: rank d(L |x), < n—m},
by Sard’s theorem L(B) has measure 0. But L(X) contains a neighborhood of 0
since dim(L'(w) N X) = k + m — n for small w by upper semicontinuity of
dimension [12, p. 159} Also the set of w such that
dim(L'(w) N Sing X) = k + m — n is a set of measure zero also by Sard’s
theorem.

Thus we have arrived at the following situation. We have two continuous
families of currents depending on z € A:

(@) d(X.] A m) = [X.] A dn,

(b) is (X, - W] A @), which is continuous by [19, Definition 4.1.3 and Theorem
33.2)

Furthermore, the families (a) and (b) are equal on a dense subset of A by
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Lemma 6.1 and the remarks above; consequently they are equal for all z. If we
set z = O we are done. O

Corollary 6.6. If X and Y are r- and s-subvarieties of V such that X - Y is defined
and ¢ and  are forms cohomologous to X and Y in H*(V,Q*) ~ H*TX}") or
H*(V,Q*) =~ H*TF*¥X}**) then [X - Y] is cohomologous to ¢ A  in the respec-
tive group.

Proof. By Theorem 4.11 there is an n € A™(V X V[A]) such that [Y]
= d"T,[Y] + {4, where ¢, is a smooth form (if we are treating the case of
Dolbeault cohomology) and ¢, — ¢ = d”a, for some smooth a. By Corollary 6.5,
[X- Y] =a"(X] A TY]D) + [X] A 4y = [X] A ¢ + d"(X] A (T[Y] + ).
Thus [X - Y] is cohomologous to [X] A . But [X] — ¢ = d”u for some current
u of type (u—k,n—k—1). Thus [X- Y] is cohomologous to @ A ¢ +
d”(u A ). The argument for the cohomology of & is the same. [

Remark. If we define the residue Resyn = d[n] — [dn)], this says that the
residue of the restriction to X is the intersection of X with the residue; this idea
is developed more fully in the next section.

The local residue theory of this section can be used to study the Lefschetz fixed
point theorem and the theory of Bott and Baum [1]. We hope to treat this in
another place.

7. An intersection formula. (a) Let W be a k-dimensional complex submanifold
of the complex n-manifold ¥ and let ¢ be a form in F/AL(W) such that dp = 0.
Then by Theorem 2.13(a) there is a ¢ € F/**k4r+2-2%(}) and an 9
€ Finkgr+in-2%-1(y{W}) such that i,[p] = d[n] + [¢], where i: W — V is the
inclusion. ’

If [X] is the current defined by an s-dimensional complex subvariety of ¥ with
both positive and negative integer multiplicities, then if [X] is homologous to zero
(to be made precise below) we will show that there exists a Z-chain C, a current,
such that dC = [X] and

((B) CW) = (C-W)(e

for any closed form @ € Fetk-n+1 g2s+k-n+1(}}/) as above. The intersection chain
W - C will be defined below so that d(W - C) = W - [X] as defined in the
previous section.

This formula can be applied to establish certain functorial properties of the
Abel-Jacobi mappings of complex analytic cycles on compact Kéhler manifolds
into the associated intermediate Jacobian varieties. This argument is indicated
and verified in part in [10]; a complete discussion will appear in [20].

To explain the nature of (7.1) a bit further, if C is a differentiable singular
chain, the equations becomes

(12) Jov=Lone
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The analogous situation on a real manifold M occurs if dC = 0. Say, for
simplicity, that dim C + dim V = dim M and ¢ = 1, the constant function.
Then W = d[ny] + Yy and C = d[nc] + Y, where Y and yc are C*. Equation
(7.2) becomes f.c 1 = fe¥w = S ¥c N Yy since dnc(Yy,) = 0. In other words
this says that intersection in homology is dual to exterior product in de Rham
theory; this can be proved using smoothing [28]. To show (7.2) in the real case it
is essential to assume that dC = 0 since the difference in the two sides should be
dC(ny) if this is defined. In the complex case we can extend this result by making
restrictions on the type of dC and ¢ which make this term vanish.

First we wish to define an integer homology theory with a complex of chains
large enough to include all complex analytic cycles [X]. We designate by
I*(V) C 9.(V) the group of locally integral currents in the sense of Federer and
Fleming [8]. The elements of this group are chains which have tangent spaces
almost everywhere and whose boundaries are chains of the same sort; thus
d(Il<(V)) C I)%(V). For any s-dimensional complex subvariety X C V, [X]
€ B*(V) since [X] is given by integration over the submanifold Reg X with
locally finite volume in ¥ and since d[X] = 0.

We will need to know the support property: if u € I'*(V) and supp u is
contained in a submanifold i: W — W, then u = i, «’ for a unique &’ € Il°(W).
Thus if W has dimension less than r, u = 0 [8, pp. 372-373]. Also, the integral
currents I,(V) = I'*(V) A &,(V) are the chains with compact support; if
f: § = VW, is smooth, f,u € I(V;) whenever u € L(K).

Also, if u € D;(V)),i = 1,2, the product wy Xu, € D}, (K X ¥;) is the
unique current such that u; X w,(p3 ¢y A p3@s) = u(@)ua(p,) for ¢ € A%(V))
and the projections p. If u € [*(¥)), then u Xu, € I%,({ X V5) and
d(uy X uy) = *duy X uy + wy X du,.

Suppose f: [0,1] X ¥ — V is a smooth map, where [0,1] C R is the closed unit
interval. We shall also designate by [0,1] the current in J(R) given by integrating
a 1-form over the unit interval. Then for any current u € &,(V'), we will define
the homotopy operator K;: &,(V) = &;.,(V) by K/(u) = £ ([0, 1] X u). Then for
any such u,

dK(u) — K(du) = fietu — foutty

where f;: V — V means f;(x) = f(i, x). Observe that if u € L(V'), all the currents
in this equation are integral currents (cf. [8, p. 363]).

For the rest of this section, we will, after some preparation, define an
intersection u - W for certain currents u. This definition will be made so that (7.1)
holds for such currents. Then, since for once we are interested in homology with
Z coefficients, we will define a subgroup I'(V{W}) of integral currents which
have intersections with W and show that H, (I'c(V{W})) ~ H,(V,Z). This will
demonstrate the existence of an integral chain C such that (7.1) holds.

(b) Extensions and residues of currents along W.If u € .(V — W) is a current
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of order zero, then it may be possible to extend u to a current # € D.(¥). Since
the coefficients of u are measures, it is possible that for any ¢ € AL(V) the
restriction ¢ |,_y is integrable with respect to u; in this case we set #(p)
= u(p |y_w) (see [23] for details). If @ exists we call it the simple extension of u.
If 0 < A £ 1is a sequence of smooth functions in ¥V — W such that supp A,
N supp ¢ N V — W is compact for all i and if \,(x) > 1 forallx € V — W as
i = oo, then i(p) = lim,_,, u(; @) if @ exists.

Now if u € D,(V — W) then o;'u € D, (V[W] — E) is defined, since o:
V{W] - E - V — W is biholomorphic.

Definition 7.3. If v € D,(V) is of order zero, then the simple lift vy,
= (05'(v ly-w))~ € D (V[W]). If y, exists, we say v is simply liftable at W.

Notice that 6,4, = (v |y_y)~, which does not necessarily equal v at points of
w.

Definition 7.4. A current u € D/(V) is current transversal to W if u = o, u,and
du = 0,(du), and if u A and du A n are simply liftable at W for all
1 € A(V{W}), any s.

Remark. If u and du are the currents of integration over manifolds or
subvarieties M and M, then u is current transversal if M N Wand oM N W
are sets of measure zero in M and oM and if i*7 is locally L' on both M and dM
(i being the inclusion). If the real dimension of M is 0 or 1, this means
MnN W=g(ety =t"'dr). If u = [X], X a complex subvariety, it suffices by
Proposition 5.3 that no component of X is contained in W. If u =[],
p € A/(V{W}) is such that d[pu] = [du], then u is current transversal to W.

Definition 7.5. If u € 9D/(V') and u and du are of order zero, then the residue

Resyu = du — ((du) y-w)~ .

For this section we will write Res u = Resy u.

The restriction above is merely defined by restricting measures. The equation
i[p] = d[n] + [¢] which we have encountered before in Theorem 2.13 may be
written now as i, [p] = Res|[q].

An interesting fact that follows from the support property proved by Federer
is that there is a unique current res u € 9,_,(W) such that i, res u = Res u, if
i: W - Vis the inclusion. It is clear that res[n] = [¢] in the previous paragraph;
indeed for any n € A°(V{W}), res[n] is a smooth form.

(c) Intersections of currents with W.

Definition 7.6. A current u € D.(V) is of intersection type along W if u is
current transversal to W and if there is a (necessarily unique) current u - W
€ D,(W) such that res(u A 7) = (=1)'(u- W) A resq for ally € A(V{W}),
where s = r — 2 codim W.

Note. The sign is chosen so that d(u -+ W) = du - W if both are defined.

We observe from the definition that if 7 is any form in 42%-1(V{W}) such that
Res[n] = [W], then u - W = res(u A 7). In particular, if d = codim¢ W = 1,
u - W is the current locally given by (—1)res(u A t-'dr) where W = {t = 0}
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locally. Since res(u A t~'dt) is independent of the choice of ¢, any u which is
current transversal to W, with d = 1, is of intersection type.

Remark. It may be worthwhile to point out that if N, is the e-tubular
neighborhood about W and y, is the characteristic function of N,, we may define

“v-ANT= £(dl A (1= x)) = (@) A (1= x)).

Then v - W = lim,_o “: 9N, A , if Res n = [W]. The intersection of v with W
is the limit of the integration of n over the intersection of v with the normal
sphere bundle.

Definition 7.7. I'*(V{W}) is the group of currents u € I)°(¥V') such that ¥ and
du are of intersection type along W and u - W € I'%,(W), d = codim W. We
also require that suppu N W = Jif r < 2d.

Notice that (du) - W = d(u - W) is also a locally integral current.

Proposition 7.8. If X is a complex k-subvariety of V such that X - W is defined as
in[19], then [X] € Be(V(W}) and [X]- W = [X - W].

Proof. This is a corollary of Theorem 6.3. 0O

A reason that [X] satisfies Definition 7.7 is that [X], - E is locally the product
current of [X] - W and the fiber P4-! of the bundle 7: E — W induced by 6. An
invariant way of expressing that a current v € 9,(E) is locally a product with
the fiber in this way is that there exists a current v’ € 9,_y;,,(W) such that
v(Y) = v'(m ) for any ¢ € A%(E). The smooth form =y is the result of
integrating along the fiber, i.e. [7,¢] = = [¢]. In this case we say that v = 7*v’
since this map extends the map #* on forms. This local product criterion actually
characterizes currents of intersection type.

Proposition 7.9. A current v € D; (V') which is current transversal to W is of
intersection type if and only if there exists a current v\ € D} _,,(W) such that
a*v’ =y, « E; this V' is necessarily v - W. Here w: E = W as above and codim W
=d.

Proof. For v of intersection type and for any 7 € 4°(V{W}), Res(v A 1)
= ¢, Res(y, A 6*n), which means by Definition 7.7 that

(7.10) v W A res[n] = m(y, - E A res[o*n)).
Given any ¢ € A."2(E) we can find by partition of unity an

1 € ATV (VIWKE))
such that res[n’] = [y]. Let n = o, 7’; then 6*n = n’ and Res[] = o, Res[o*n)]
implies that res[n] = [m, ¢]. Substituting this into (7.10) gives v+ W(my) = y
- E(¢), which proves half the proposition.

It is straightforward to reverse the argument: Res(v A 1) = o, Res(y, A *7)
implies res(v A 7) = (=1)*m (4 + E A res[o*n]) = (=1)*v’ A =, res[o*q] = v’
A res[n] by hypothesis, since 7, (7*u A ) = u A m . This last is true since for
any o of the right degree 7, (7*u A ¢)(p) = 7*u(y A 7*¢) = u(m (Y N 7°9))
by definition; but 7, (¢ A 7*@) =(m ) A 7*p(check on another test form). O
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This criterion lets us say that any real semianalytic chain which is current
transversal to W has intersection type. It also makes clear that oriented
submanifolds intersecting W transversally have intersection type as currents and
that the intersections are the same.

(d) Homology theory. In this section we will prove that H, (I'*(V{W})) is the
usual homology of V with coefficients in Z. The homology theory that we will use
is Borel-Moore homology, which agrees with singular homology on manifolds.

Given a family of supports @, let I®(V{W}) be the group of currents
u € I'*(V{W}) such that supp u € ®. Of course if ¢ = {K C V; K compact},
L(V{W}) = IF(V{W}). These groups form a chain complex with boundary
operator d: I2(V{W}) - I2,(V{W}) being the d operator on currents. This
differs by a sign of (—1)"*! from the usual boundary on chains, but we will use it
for convenience.

Theorem 7.11. If W is a complex submanifold of V with dim W < dim V, then
H,(I1*(V{w})) =~ H2(V,Z), the Borel-Moore homology of V with integer coeffi-
cients.

Proof. By [4, p. 226],.it suffices to prove the lemma below.

Lemma 7.12. Every x € V has a fundamental system of coordinate polydisk
neighborhoods A; such that H(L(A{A, N W)}) =~ Hf(AL,Z) ~Z if r=0 and
~0ifr+#0.

Proof of lemma. First we check the case that W = @&. Then if A, is carried by
the coordinate map onto a polydisk or any convex region in C” containing 0, we
let f(z,x) = f(zx) give a map f: [0, 1] X A; = A, If K is the associated homotopy,
as described in §7(a), then for any u € L(A;) withdu = 0, u = fy, u — dK;u. But
fos u is an integral current supported on the 0-dimensional manifold (0), so by the
support property of §7(a), foe# = 0if r > 0 and fo,u = n[0}if r = 0,n € Z.

This proves the lemma and Theorem 7.9 if W = & and we note here that the
same proof and result hold if ¥ is just a C* real manifold. We will use this below.

Now we must prove (7.10) for x € W # . Let A, be any neighborhood of x
that is carried by local coordinates onto a polydisk A™ X A", m > 0, with
A, N W = 0X A", A" and A" being any polydisks in C™ and C".

Let g: [0,1] X A" X A" > A™ X A" be given by g(f,w,z) = (w,1z). Taking the
associated homotopy operator we have u = gy, u — dK,u for any u € L(A"
X A0 X A"}) with du = 0. Then if we show that K,u € L,,(A" X A"(0 X &"})
for any such u, then we will have shown that « is homologous to the current gg, %,
which is supported in A™ X 0. By the support property of §7(a), gos # = iy g, i the
inclusion of A™ into A™ X 0, for a unique ¥, € I(A™). By uniqueness duy = 0.

Now if r > 2m, uy = 0 and thus goou = 0. If r = 2m then y, € 9°(A"), and
duy = 0 implies ¥, = [c], the current associated to a constant function, by
Corollary 2.3 (p = 0). But %, is compactly supported so ¢ = 0 and gy, u = 0.
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If r < 2m by Definition 7.7 we have 0 & supp u, and thus ¥, € L(A™ — {0}).
But H,(1.(A" — {0})) ~ H(A"-{0},Z) ~ Z if r =0,2m—1 and =~ 0 if
r# 0, 2m — 1 by the case W = J proved at first. Thus if r # 0, 2m — 1,
uy=dv,v € I,,(&" — {0}) and gopu = di,v. If r = 0,2m — 1, uy = dv + kv,
k € Z, where v € I,,(A" —{0}) and v =[{y}], y € A" -0, or vy, = [S.],
S, = {w: |w| = &}, respectively. Since i,v € I,,;(A™ X A"{0 X A"}), everything is
proved except for the case r = 2m — 1, when u is homologous to i,[S,]. But
i,[S,] = —di,[B,], where B, = {w € A™: |w| < €}. Since, by Proposition 7.8,
iy[B,] € L, (A" X A'{0 X A"}), we are done after we prove that K,u €
L, (8" x &0 x &™}).

We prove that if v € 9,(A™ X A") has intersection type along 0 X A", then so
does K,v and furthermore K, (v - (0 X &")) = (K,v) - (0 X A"). This clearly suf-
fices since under the hypotheses of this lemma the current on the left-hand side
is an integral current.

Let g’: [0,1] X A" X A" = A™ X A" be given by g'(t,x,z) = (x,#z). As usual
0: A" X A" > A" x A"and 07! (0 X &") = E.

Given v it is clear that (K,v), = K, 4 = g2%([0,1] X ) since the latter is a
current of order zero which agrees with the former on the complement of E and
for both of which E is a set of measure zero. By the same reasoning (K, v), A p
= K, (s, A g*p) for any p € A°(A™ X A'{E}). Notice that g*p is still of residue
type if p is.

Choose any p such that g*p = p and Resp = [E]; for example p
= (2ni)'o*d’log 3 |w,/>. Then, by Definiton 7.6, (Kyu)-E
= (-1)*res((Kzu,) A p) = (1)K, (res(y, A p)) = Ky (3, - E). This says
that (K, v), - E is a product of the fiber P™! with K (v - (0 X A")) since ¢, - E is
such a product. Thus, by Proposition 7.9, K,v is of intersection type and
(Kv) - (0xA") = K, (v-(0x4"). O

Remark. Because of the application to [10] we have dealt only with Z-
homology, but it is clear that the strong intersection currents, the currents u such
that u and du are intersection type, give a homology (or cohomology) theory that
agrees with the usual theory with coefficients in C and that pairs naturally with
" (V{W}). One could also do Dolbeault theory along the lines of §3.

(€) An intersection formula. All the essentials for showing (7.1) have now been
established. In this section we will spell out what we have proved and how to
complete the demonstration.

By Definition 7.6 any current v of degree s which has intersection type along
W satisfies

(=1)’is(v- W A 1esm) = Resv A 1) = d(v A 1) = (A A ) ly-w)~
for any n € A"(V{W}). But since v and dv are current transversal,

@A) l-w) " =dv Aq+(=1)'v Adny forveED*V).
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Lemma 7.14. If dv above is in FP9D'*(V) and n € FIA(V{W}), with p + q
>dim V, theni,(v- W A tesq) = (—1)°dv A n) —v A dy.

Proof. Since dv A n = 0, immediate from discussion above. O

Theorem 7.15. Let [X] € D5 (V) be the current defined by the complex
subvariety X C V with (positive and negative) integer multiplicities; and suppose that
[X] is homologous to zero in H}(V,Z) ~ Hy(I1®*(V')). Then if [X] - W is defined
Jor a submanifold W C V of codimension d, there is an integral current ¢
€ IR, \(V{W}) such that dc = [X] and d(c - W) = [X] - W. If @ is any closed
form in F*—4+1 A%-2+\(W), then for any ¢ € F*¥*'A%*+\(V') which equals i, [¢]
+ dv for some v € Fk1§%(V),

c(¥) = c- W(y).

Remark. This means that i,[p] and  are cohomologous in HX(V,2k*); by
Theorem 2.13 we can choose v = [n], n € F¥*'A%*(V{W}). Then res[yn] = ¢
and —dn = . '

Proof. We can choose such a ¢ by Theorem 7.11. The equality is true by
Lemma 7.14 having chosen 7 with i, [p] — ¢ = d[n] by the remark above. O

8. Residues in cohomology. If W C V is a complex submanifold of codimen-
sion d, there is a long exact sequence of local cohomology:

8.1 «ee > HL(V,C)> H'(V,C)> H' (V- W,C) >+

where there is the natural Thom isomorphism Hy,(V,C) = H"~%(W,C) since W
is nonsingular.

We would like to express this in terms of residue forms and currents. Take the
resolutions:

(a)0-> Cy - AY D A}y -4 - -+ by C*® forms on W given by (2.4)(i).

(®) 0> Cy = Ky > Kjwy - - -+ by residue currents on V given by
(2.11a).

Also the complex of sheaves

(©) Xy 2> Apwy = - -+ where A}y is the sheaf on ¥ of germs of forms in
Ayw) We stress that this complex is not exact for the operator Dy = dn (not
d[n] as in (b)). The cohomology sheaf of this complex is Cy in dimension 0 and
Cy in dimension 24 — 1. By a spectral sequence argument, since this agrees with
the local cohomology sheaves 3Ci_y(V, C) on V we have:

Proposition 8.2.

Ker(D: A (V{W}) = A\ (V{W})))
D(4-\(v{w})) ’

Hy_w(V,C) ~H' (V- W,C) =~

Proof. As indicated above, use spectral sequences or use Theorem 6.5 of [25].
a
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We write this latter de Rham group as H"(4'(V{W})) and the groups for (a)
and (b) as H (4 (W)) and H" (D" (V{W})). Then we have a long exact sequence:

83) - HM(AW)) = H'@ (V{W)) 2> H(AWV{W)) > -

which corresponds to the sequence (8.1) under the isomorphisms induced by (a),
(®), (©.

The maps are induced by the maps of complexes:

() iy: A% (W) > D" (V{W?}) given by ¢ — i, [¢], i: W — V being the inclu-
sion.

(i) p: D" (V{W}) - A (V{W}) is the restriction to ¥ — W followed by simple
extension.

(iii) res: A"(V{W}) — A-4+1(W) takes n — res[q)].

The maps (i) and (ii) induce the corresponding maps in (8.3) and the map of
(iii) induces the coboundary map:

H (4 (V{W})) == H21(4(W))

corresponding to H'(V — W,C)-% Hi*'(V,C).
There is also a sequence dual to (8.1).

(84) -+ H2T(W,C) <= HI/(V,C) & B (V = W,C) <k -,

If these spaces are represented by the de Rham groups of smooth forms, the
pairing of forms in A2*"(V') and the currents in 9" (V{W}) induces the pairing
between (8.4) and (8.1).

However, if we are interested in writing the dual sequence to (8.1) as
homology:

(8.5) s e HE (W) S HI (V) L H(V = W) -+

where ¢’ means supports K C ¥V — W such that K C V is compact.

We can get a pairing with the currents in 9" (V{W}) if we represent homology
by the strong intersection currents mentioned at the end of §7. For Z homology
we get a pairing using Z(V{W}). The map i* in (8.5) is given by intersection with
W; j. is the inclusion of the currents with zero intersection with W. The
boundary map is given by taking the local product of the current with the fiber
of the normal sphere bundle of W (the dual to integrating forms over the fiber)
and imbedding this in V — W.

This construction is well known (cf. [26]) but it seemed worthwhile to point out
that it fits very naturally and rigorously into the theory developed in this paper.
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